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Abstract 
In this paper, an activity-based bottleneck model with staggered work hours (SWHs) is proposed. Commuters’ departure time 
choice is assumed to follows user equilibrium (UE) principle in terms of total activity utility. The equilibrium departure rates of 
the activity-based bottleneck model with both single work start time and double work start times are analytically derived. 
Analytical results show that there are three possible travel patterns for the bottleneck model with double work start times, and the 
formulations of the departure rates with respect to double work start times are the same as that with respect to single work start 
time. However, SWHs indeed change commuters’ travel choice behavior, and can result alternative cumulative departure flows. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Department of Transportation Engineering, Beijing Institute of Technology. 
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1. Introduction 
As an effective measure of traffic demand management (TDM), staggered work hours (SWHs) have been world 
widely used to manage peak hour congestion. SWHs have the potential to alleviate the excessive demands made on 
the transport infrastructure during the morning and afternoon peak hours [3]. A more uniform demand profile would 
change commuters’ travel choice behaviors and lead to a decrease in peak traffic densities and a resultant 
improvement of traffic efficiency. Travel behavior modeling is a fundamental work to optimize the strategy of 
SWHs. The classic travel choice dimensions include choices of destination, travel mode, departure time, route, etc. 
In this paper, we mainly focus on the effect of SWHs on commuters’ departure time choice in a single bottleneck.  
The bottleneck model was firstly proposed by Vickrey [15] and further extended in various directions, such as 
bottleneck congestion pricing [2,9,10], considering stochastic bottleneck [4,17], bottleneck with parking constraints 
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[18,19], and so on. Most of research works extended from Vickrey’s [15] model assume that commuters’ travel 
behavior follows user equilibrium (UE) principle in terms of commuters’ generalized trip cost. 
Recently, activity-based bottleneck models [6,7,10,20] have been paid a lot of attention. For example, Henderson 
[5] provided an important benchmark for study of SWHs. Arnott et al. [2] extended Henderson's model to consider 
the heterogeneity of firms. But in their model they do not consider bottleneck congestion. Jenelius et al., [7] 
extended single trip scheduling models into a multiple trip and activities framework, and demonstrate its viability as 
an approach to evaluating the traveler costs of congestion, traffic disruptions and travel time variability. Jenelius [6] 
extended the analysis of the value of mean travel time (VMTT) and day-to day travel time variability (VTTV) from 
single-trip models to multi-trip setting. Takayama [14] proposed a model to incorporate the bottleneck congestion 
and discrete work start times, and examined equilibrium patterns of work start times and bottleneck congestion. Li et 
al., [10] proposed a day-long activity-travel scheduling model to illustrate scheduling problems of workers. 
However, the effect of SWHs on commuters’ departure time choice in a single bottleneck has received little 
attention. 
Different from traditional bottleneck models with single work start time, this paper develops an activity-based 
bottleneck model with SWHs. In the proposed model, linear marginal activity utility functions are adopted to 
formulate commuters’ utilities of staying at home and working. Commuters’ departure time choice behavior of the 
activity-based bottleneck model with single work start time and double work start times are respectively analyzed. 
Our analytical results show that there are three travel patterns for the bottleneck model with double work start times, 
and may lead to different cumulative departure curves from that of the bottleneck model with single work start time.  
The outline of this paper is as follows: In Section 2, commuters’ departure time choice behavior of an activity-
based bottleneck model with single work start time is analyzed. Section 3 provides three possible travel patterns for 
an activity-based bottleneck model with double work start times, and analyzes the associated travel behavior. Finally, 
Section 4 concludes this paper. 
2. Activity-based bottleneck model with single work start time 
We consider that a highway with a single bottleneck connects a residential district with the central business 
district (CBD). For simplicity, without loss of generality, we assume the free flow travel time from the residential 
district to the CBD is zero. The following notations will be adopted formulate travel behavior in a single bottleneck 
with single work start time: 
2.1. Commuters’ total morning utility 
Commuters’ daily schedule consists of three types of activities and two intermediate trips. The three types of 
activities include: the morning home activities, work activities during the day, and the evening home activities. The 
two intermediate trips include: travelling from home to work in the morning, and traveling from work to home in the 
evening. Since commuters’ travel behaviors during the morning rush hours are separate and similar with that during 
the evening rush hours, this paper only consider the modeling of morning commute. 
As shown in Fig. 1, we fix two times 0t   and 24t   to mark the start and the end of a day, and use T  to 
denote the watershed line which separates morning and afternoon work activities. We assume that commuters have 
linear marginal utility functions of the home and work activities. The marginal utility function of morning 
(afternoon) home activities 1( )u t  ( 3 ( )u t ) is a decreasing (an increasing) function with respect to time t , while the 
marginal utility function of morning (afternoon) work activities 2 ( )u t  ( 2 ( )u tc ) is an increasing (a decreasing) 
function with respect to time t , i.e., 1 0 1( )u t g g t  , 2 0 1( )u t k k t  , where 0 1 0, ,g g k and 1k are parameters of the 
marginal utility functions, and we have 1 0g  and 1 0k ! .
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Fig.1. Liner marginal utility functions for daily home and work activities. 
The total morning utility of a commuter consists of three components: morning home utility, morning work 
utility, and disutility of morning commute trip. Hence, we have: 
( ) ( ) ( ) ( )H W TU t U t U t C t   , (1)
where, ( )U t , ( )HU t  and ( )WU t  are total morning utility, morning home utility and work utility of a commuter who 
departs home at time t , ( )TC t  is the total morning trip cost a commuter who departs home at time t .
Using the marginal utility functions 1( )u t  and 2 ( )u t , we can, respectively, obtain the morning home utility and 
morning work utility of a commuter who departs home at time t, given as follows: 
10
( ) ( )
t
HU t u t dt ³ , and 2( )( ) ( )
T
W t T t
U t u t dt

 ³ (2)
where ( )T t  is the queuing time of commuters who depart at time t .
The morning trip disutility of a commuter who departs home at time t  consists of cost of queue time and cost of 
schedule delay early or late, and can be expressed as follows: 
( ) ( ) ( ) ( )TC t T t SDE t SDL tD E J      (3) 
where, D  is the unit cost of travel time, E  and J  are the unit cost of early and late arrivals, respectively, ( )SDE t
and ( )SDL t  are the schedule delay early and late. According to empirical results [11], we have 0 E D J   . The 
schedule delay early and late can be expressed as follows: 
^ ` ^ `* *( ) max 0, ( ) , and ( ) max 0, ( )SDE t t T t t SDL t T t t t      (4)
where *t  is the official work start time. 
In the single bottleneck model, the queue length obeys the following differential equation: 
( ) ,  if ( ) 0 or ( ) ,( )
0,           otherwise,






where, s  is the capacity of the bottleneck, ( )q t  and ( )r t  are the length of queue time and departure rate at time t ,
and the queuing time ( )T t  can be formulated as ( ) ( ) /T t q t s .
Substituting Eqs. (2) and (3) into Eq. (1), we have: 
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1 20 ( )
( ) ( ) ( ) ( ) ( ) ( )
t T
t T t
U t u t dt u t dt T t SDE t SDL tD E J

    ³ ³ .  (6) 
2.2 Travel behavior analysis 
Following most of bottleneck models [1,2,15], we assume that commuters’ departure time choice follows UE 
principle, and the UE condition can be stated as follows: no commuter can increase his/her total morning utility by 
unilaterally altering his/her departure time. Mathematically, this condition can be formulated as 
d ( ) / d 0,  if ( ) 0U t t r t ! .
For single work start time, the same as the traditional bottleneck models [1,2,15], there are two situations should 
be considered: (I) commuters always arrive early, (II) commuters always arrive late. The detailed derivation of the 
departure rates of the two situations are given as follows. Let st  and et  be the departure time for the commuter who 
departs home earliest and latest, 0t  is the departure time for the commuters who arrive at office on time. 
In Situation I, commuters never arrive office late and hence they do not suffer the cost of schedule delay late, i.e., 
*( ) ( )  SDE t t T t t   and ( ) 0SDL t  . Substituting the two equations and Eq. (3) into Eq. (6), we have: 
*
0 1 0 10 ( )
( ) ( ) ( ) ( ) [ ( )]
t T
t T t
U t g g t dt k k t dt T t t t T tD E

       ³ ³ . (7)
In this situation, the queue in the bottleneck builds up, and hence the queue length can be formulated as follows: 
( ) ( ) ( )sq t R t t t s   . (8)
Substituting ( ) ( ) /T t q t s , and Eqs. (7) and (8), into the equilibrium condition d ( ) / d 0U t t  , and rearranging 





( ) , s
s
g g t









   « »
¬ ¼
. (9)
In Situation II, commuters never arrive office late and hence they do not suffer the cost of schedule delay early, 
i.e., ( ) 0SDE t   and *( ) ( )SDE t T t t t   , Substituting this two equations and Eq. (3)into Eq. (6), we have: 
*
0 1 0 10 ( )
( ) ( ) ( ) ( ) [ ( ) ]
t T
t T t
U t g g t dt k k t dt T t t T t tD J

       ³ ³ . (10)
Substituting ( ) ( ) /T t q t s , and Eqs. (8) and (10) into the equilibrium condition, and rearranging the obtained 
equation, we can obtain the departure rate from the following differential equation: 
















   « »
¬ ¼
. (11)
At the equilibrium, the queue time for the commuter who departs home latest is zero, we have ( ) 0eq t  . By 
definition, we have ( )eR t N , where N  is the total number of the commuters. Substituting ( ) 0eq t   and 
( )eR t N  into Eq. (8), and rearranging the obtained equation, we have /e st t N s  .
The UE condition implies 0( ) ( ) ( )e sU t U t U t  . Combining this relationship with /e st t N s  , and solving the 
equations simultaneously, we can obtain the following time instants: 
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E J   , and 
   20 0 10
1
2g g g B
t
g
D D    
 , (12)
where, 
   1 1 NA sg kE J    (13) 
 
   
 
   
2
1 10 0
1 1 1 1
1
2
NN g kg k
ssM
N N
g k g k
s s
J
E J E J
§ ·  ¨ ¸© ¹ 
     
, and  
2* * 2
0 1 0 0 1 1
1 1
( ) ( ) ( )
2 2s s
B k t k t g k t g k tD E E          . (14) 
Under the UE condition, the departure rates and the cumulative departure flows of the activity-based bottleneck 
model with single work start time are graphically shown in Figs. 2 a and b, respectively. 
Fig.2. (a) Equilibrium departure rates, and (b) equilibrium cumulative departure flows 
3. Activity-based bottleneck model with double work start times 
3.1. Possible travel patterns 
Commuters’ departure time choice behavior in the activity-based bottleneck with double work start times is more 
complicated compared with that with single work start time. Let *1t  and 
*
2t  be the two work start times. The 
commuters are classified into two groups: (1) Group I associated with work start time *1t , and (2) Group II 
associated with work start time *2t , and let 1N  and 2N  be the number of commuters of Groups I and II, respectively. 
To simplify the notation, we add subscripts 1 and 2 to the notations defined in Section 2 for the commuters of 
Groups I and II, respectively. We use EARLY and LATE represent that commuters schedule delay early or late, 
respectively. There are three possible travel patterns for the Activity-based bottleneck model with double work start 
times, which are summarized in Table 1. 
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Table 1: Possible travel patterns for the Activity-based bottleneck model with double work start times. 
Cases Case I Case II Case III 
Group I EARLY+LATE EARLY EARLY+LATE 
Group II LATE EARLY+LATE EARLY+LATE 
3.2. Travel behavior analysis 
3.2.1 Travel behavior of Case I 
There are three situations should be considered for the activity-based bottleneck model of Case I: (S1.1) 
commuters of Group I arrive at office early and no commuters of Group II depart home, (S1.2) commuters of Group 
I arrive at office late and no commuters of Group II depart home, and (S1.3) both commuters of Group I and II 
arrive at office late. The three situations may occur consequently, and we use 01t  and 
0
2t  to denote the watershed 
lines which separate the three situations. The detailed derivation of the equilibrium is omitted. We only provide the 
main results below. Using the equilibrium condition, we can obtain the departure rates of all the three situations. We 
found that the departure rates for Situations S1.1 are the same as that in Eq. (9), and the departure rates for both 
Situations S1.2 and S.1.3 are the same as that in Eq. (11). Note that commuters of both Groups I and II may 
simultaneously depart home during 02[ , ]et t , and the overall departure rate of the two groups is constant. In other 
words, commuters of either Group I or Group II can choose any time instant during 02[ , ]et t  leave home for work, but 
should maintain a constant overall departure rate. 
The total morning utilities for the commuters of the two groups who depart home at 02t  can be, respectively, 
expressed as follows: 





0 0 * *




U t g g t dt k k t dt T t t tD J

      ³ ³ , and (15) 






2 2 0 1 0 1 2 20 ( )
( ) ( )
t T
t T t
U t g g t dt k k t dt T t T tD D

     ³ ³ . (16) 
Using Eqs. (13) and (14), we can obtain: 
0 0 * *
2 2 1 2 2 1( ) ( ) ( )U t U t t tJ   . (17)
Under the UE condition, we have: 02 2 2( ) ( )eU t U t , and 01 1 2( ) ( )sU t U t ˈsubstituting the two equations into Eq. 
(15), we have: 
0 0 * *
2 1 2 2 1 2 2 1( ) ( ) ( ) ( ) ( )e sU t U t U t U t t tJ      . (18)
Additionally using /e st t N s  , and Eq. (16) and the UE conditions, we can obtain the values of the critical 
time instants, given as follows: 
*
1st t MA




E J   ,  (19) 
   20 0 1 10
1
1
2g g g B
t
g
D D    
 , and 
   20 0 1 20
2
1
2g g g B
t
g
D D    
 , (20) 
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where, 
2* * 2
1 0 1 1 1 0 0 1 1
1 1
( ) ( ) ( )
2 2s s
B k t k t g k t g k tD E E          , and  
2* * 2
2 0 2 1 2 0 0 1 1
1 1
( ) ( ) ( )
2 2e e
B k t k t g k t g k tD J J          .
The equilibrium cumulative departure flows of the activity-based bottleneck model of Case I are graphically 
shown in Fig. 3 a. 
Fig.3. Equilibrium cumulative departure flow of (a) Case I; (b) Case II. 
3.2.2 Travel behavior of Case II 
There are three situations should be considered for the activity-based bottleneck model of Case II: (S2.1) both 
commuters of Group I and II arrive at office early, (S2.2) commuters of Group II arrive at office early and no 
commuters of Group I depart home, (S2.3) commuters of Group II arrive office late and no commuters of Group I 
depart home. The three situations may occur consequently, we also use 01t  and 
0
2t  to denote the watershed lines 
which separate the three situations. Using the equilibrium condition, we can obtain the departure rates of all three 
situations. We found that the departure rates for Situations S2.1 and S2.2 are the same as that in Eq. (9), and the 
departure rates for Situations S2.3 are the same as that in Eq. (11). The equilibrium cumulative departure flows of 
the activity-based bottleneck model of Case I are graphically shown in Fig. 3 b.
Note that commuters of both Groups I and II may simultaneously depart home during 01[ , ]st t , and the overall 
departure rate of the two groups is constant. In other words, commuters of either Group I or Group II can choose any 
time instant during 01[ , ]st t  leave home for work, but should maintain a constant overall departure rate. 
3.2.3 Travel behavior of Case III 
There are four situations should be considered for the activity-based bottleneck model of Case III: (S3.1) 
commuters of Group I arrive at office early and no commuters of Group II depart home, (S3.2) commuters of Group 
I arrive at office late and no commuters of Group II depart home, (S3.3) commuters of Group II arrive at office early 
and no commuters of Group I depart home, and (S3.4) commuters of Group II arrive at office late and no commuters 
of Group I depart home. The first two situations and the last two situations are, respectively, separated by time 
instants 01t  and 
0
2t . We also use mt  to denote the watershed lines which separate the second and the third situations. 
Using the equilibrium condition, we can obtain the departure rates of all the four situations. We found that the 
departure rates for Situations S3.1 and S3.3 are the same as that in Eq. (9), and the departure rates for Situations 
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S3.2 and S3.4 are the same as that in Eq. (11). 
The total morning utilities for the commuters of the two groups who depart home at mt  can be, respectively, 
expressed as follows: 
*
1 0 1 0 1 10 ( )




m m m mt T t
U t g g t dt k k t dt T t t T t tD J

       ³ ³ , and  (21)
*
2 0 1 0 1 20 ( )




m m m mt T t
U t g g t dt k k t dt T t t t T tD E

       ³ ³ . (22)
Using Eqs. (19) and (20), we have: 
* *
2 1 2 1( ) ( ) ( )( ( ))m m m mU t U t t T t t tE J E J      . (23) 
Additionally using /e st t N s  , and Eq. (21) and the UE conditions, we can obtain the values of the critical 
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20 0 1 50
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2g g g B
t
g
D D    
 ,
   20 0 1 60
2
1
2g g g B
t
g
D D    
 , and (25) 
2
0 0 1 7
1
( ) ( ) 2
m
g g g B
t
g
D D    
 , (26) 
where, 




E J    ,
2




( ) ( )( )
2
N N






5 0 1 1 1 0 0 1 1
1 1
( ) ( ) ( )
2 2s s
B k t k t g k t g k tD E E          ,
2* * 2
6 0 2 1 2 0 0 1 1
1 1
( ) ( ) ( )
2 2e e
B k t k t g k t g k tD J J          , and  
2 * 21 1
7 0 1 0 0 1 1
1 1
( )( ) ( ) ( ) ( ) ( )
2 2s s s s
N N
B k t t t g k t g k t
s s
D J E J E              .
The equilibrium cumulative departure flows of the activity-based bottleneck model of Case III are graphically 
shown in Fig. 4 a. A special case is that the queue time for commuters departing at mt  is equal to zero, as shown in 
Fig 4 b. 
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Fig.4. Equilibrium cumulative departure flow of (a) Case III; (b) a special Case of Case III. 
4. Conclusions 
In this paper, commuters’ departure time choice behavior in an activity-based bottleneck model both with single 
work start time and double work start times has been comprehensively analyzed. Both the equilibrium departure 
rates and the value of critical time instants are obtained. We found that there are three possible travel patterns if 
double work start times are imposed. In the future, we will optimize the setting of work start times, and integrate 
other traffic strategies (e.g., road pricing, speed limit) to manage commuters’ mobility in the bottleneck. 
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